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An automated iterative design method has been developed by which an airfoil with a substantial
amount of natural laminar � ow can be designed while maintaining other aerodynamic and geometric
constraints. Drag reductions have been realized using the design method over a range of Mach numbers,
Reynolds numbers, and airfoil thicknesses. The key features of the method are the compressible linear
stability analysis code used to calculate N-factors; the ability to calculate a target N-factor distribution
that forces the � ow to undergo transition at the desired location; the target pressure /N-factor relationship
that is used to modify target pressures to produce the desired N-factor distribution; and its ability to
design airfoils to meet lift, pitching moment, thickness, and leading-edge radius constraints while also
being able to meet the natural laminar � ow constraint.

Nomenclature
A = relaxation factor for N-factor design method
a = amplitude of Tollmien – Schlichting waves
Cp = pressure coef� cient
cl = section lift coef� cient
cm = pitching moment coef� cient
N = N-factor
x = nondimensional distance along chord of airfoil

Subscripts
a = analysis
cp = control point
j = airfoil station
stag = stagnation point
T = target

Introduction

S INCE the advent of powered � ight, drag reduction has
been a major issue in airplane design. For example, re-

ductions in drag allow airplanes to operate more ef� ciently by
using less fuel, which results in reduced operating costs and
smaller, quieter engines. The design of airplanes with bigger
payloads and longer ranges is also possible when drag is re-
duced.

There have been many concepts to reduce airplane drag.
Since the 1930s, there has been great interest in designing
airfoils and wings for natural laminar � ow (NLF) to reduce
viscous drag. In addition, supercritical wings were developed
to reduce the wave drag on airplanes. Moreover, the use of
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winglets on airplanes today demonstrates an approach to re-
duce induced drag. This paper presents a design method for
reducing drag through the design of NLF airfoils.

Method
This new design method1 combines proven computational

� uid dynamics (CFD) analysis and design codes with a new
target pressure design technique. The computational tools,
which were readily available, have been coupled together in
modular form so that any one of them can be replaced by
another preferred code.

A � owchart of the method is shown in Fig. 1. This � owchart
represents the process by which a single surface is designed
for natural laminar � ow. In cases where laminar � ow is desired
on both surfaces, this method is applied successively to each
surface.

After generating a grid for the initial airfoil, the GAUSS2
Euler solver,2– 4 coupled with a turbulent boundary-layer
method,5 is used to calculate the pressure distribution of the
starting airfoil. Then, a laminar boundary-layer solver6 is used
to calculate the boundary-layer velocity and temperature pro-
� les. These pro� les are then used by COSAL,7 a compressible
linear stability analysis code, to calculate the N-factors for the
current airfoil. The N-factors, which are proportional to the
growth of the boundary-layer instabilities, are described by the
following equation:

N = <n(a /a ) (1)0

In this equation, a is at a point in the � ow within the boundary
layer, and a0 is the amplitude at the beginning of the instability
region. According to Mack,8 a can represent any � ow variable.
The N-factors have been correlated with transition, with the
transition N-factor being between 8 – 15, depending on whether
the correlation was made through wind-tunnel tests or in-� ight
experiments.

Using the current pressures and N-factors, the target pressure
design module then calculates a target pressure distribution
that increases the amount of laminar � ow over the airfoil. Once
the target pressures are known, the CDISC airfoil design
method9 then iteratively designs a new airfoil. While using the
airfoil design method, the target pressures for the design are
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Fig. 1 Flowchart of the NLF airfoil design method.

Fig. 2 Flowchart of the target pressure design module.

Fig. 3 Two typical target N-factor distribution with control
points.

modi� ed in the � ow constraints module so that the lift and
pitching moment constraints are achieved.

After designing a new airfoil, the boundary-layer pro� les
are calculated once again by the laminar boundary-layer solver,
so that the stability analysis code can calculate the N-factors
of the new airfoil. The method will continue to iterate through
these steps until the constraints are satis� ed, or until the pre-
scribed number of iterations is achieved. This design method
is fully automated and requires only four input � les to be spec-
i� ed prior to designing a new airfoil.

This method can be used to design a new airfoil in as few
as 10 CPU hours using a Silicon Graphics Indigo2 worksta-
tion. The stability analysis code is the most expensive code in
the design process, taking approximately 60% of the total CPU
time.

Target Pressure Distribution
After choosing an initial airfoil, the pressure distribution of

the airfoil is calculated using the � ow solver, and the N-factor
envelope of the airfoil is calculated using the laminar bound-
ary-layer solver and the stability analysis code. Then, from the
current pressure and N-factor distributions, a target pressure
distribution is calculated that meets all of the aerodynamic
constraints. The module labeled target pressure design in Fig.
1 is responsible for calculating this new target pressure distri-
bution. Figure 2 shows a detailed � owchart of how the target
pressure design module calculates the new target pressures.
Each of the components in this � owchart will now be dis-
cussed.

Target N-Factor Distribution

Once the analysis N-factor distribution has been calculated
by the stability analysis code, a target N-factor distribution
must be prescribed (Fig. 2). This target N-factor distribution
must force the � ow to undergo transition at the desired loca-
tion.

To calculate the target N-factor distribution, four control
points (xcp,1, xcp,2, xcp,3, and xcp,4) are speci� ed (Fig. 3). The � rst
control point is located at the point where the analysis N-fac-
tors � rst become greater than N-factor level Ncp,1. Ahead of the

� rst control point, the analysis N-factors are kept as the target
N-factors. Beyond this point, the other control points and their
N-factor levels are used to calculate the target N-factors. This
is done by interpolating the control points with a polynomial
� t.

The second control point is located at the beginning of a
region where the N-factors are forced to grow rapidly to make
transition occur. In addition, the location of this control point
is such that a buffer region is formed above which the N-
factors aren’t allowed to grow, so that the � ow will not un-
dergo transition at slightly off-design conditions. The third
control point is placed at the location of desired transition,
while the fourth control point represents the end of the steep
N-factor gradient. A nominal transition N-factor of 10 is used
in Fig. 3.

The analysis N-factor distribution changes with each itera-
tion. Since the target N-factors are dependent on the analysis
N-factor distribution, the target N-factors also change slightly
with each iteration. To show how much the target N-factors
may change throughout the design process, Fig. 3 shows an
initial and a � nal target N-factor distribution. In Fig. 3, xcp,2 =
0.58, xcp,3 = 0.60, xcp,4 = 0.65, Ncp,1 = 3, Ncp,2 = 8, Ncp,3 = 10,
and Ncp,4 = 15. Although these numbers are typical, the exact
values of the second and fourth control points are not critical.
The key requirement is to have an N-factor growth of about
5 – 10 in 10% chord to ensure transition without causing lam-
inar separation.
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Fig. 4 Flowchart of how the upper surface target pressures are
modi� ed to meet the lift and pitching moment constraints.

Extrapolation of Analysis N-Factors

The stability analysis code can calculate N-factors only
when the laminar boundary layer is attached. This causes prob-
lems if the boundary layer of the current airfoil separates ahead
of the fourth control point, xcp,4. This creates a problem because
the N-factor design method discussed in the next section re-
quires an analysis N-factor at each station, where target N-
factors are speci� ed. The second module in Fig. 2 is included
to remedy this situation.

Choosing pressure as the � ow variable to represent a in Eq.
(1) and replacing the log function with a series expansion, it
was determined that the change in N-factor is proportional to
the change in pressure over the surface of the airfoil. The anal-
ysis N-factors are arti� cially extended between the point of
laminar separation and the fourth control point using linear
extrapolation based on the pressures.

N-Factor Design Method

After calculating the target N-factor distribution and extrap-
olating the analysis N-factors, the N-factor design method cal-
culates a target pressure distribution that moves the analysis
N-factors toward the target N-factors. This method, which is
shown as the third module in the � owchart in Fig. 2, is based
on the target pressure/N-factor relationship previously men-
tioned. In this method, the change in pressure coef� cient re-
quired at airfoil station j to move the analysis N-factor at j, N j,
toward the target N-factor at j, NT, j, is

DC = ADNp, j j

where

DC = C 2 C , DN = N 2 Np, j p,T, j p,a, j j T, j j

In the preceding equations, A is typically 0.012, Cp,T, j is the
target pressure at station j, and Cp,a, j is the analysis pressure at
station j.

To maintain a smooth and continuous target pressure distri-
bution, once DCp, j has been calculated, this change in Cp is
applied to all of the stations downstream of j as well. In doing
this, the � ow downstream of j has been changed and, as a
result, it is necessary to modify the analysis N-factors down-
stream. This is done by adding DN j to each of the analysis N-
factors aft of j. The boundary conditions at the stagnation point
are

C = C = C N = N = 0p,T,1 p,a,1 p,stag T,1 1

Pressures in the Recovery Region

Once the target pressures have been calculated ahead of the
fourth control point, the target pressures in the recovery region
are calculated, as indicated by the fourth module on the � ow-
chart in Fig. 2. These target pressures are determined based on
scaled values of the analysis pressures in the recovery region
of the initial airfoil and a triangular lift increment that is used
to modify the pressure distribution to meet the pitching mo-
ment constraint.

Meeting the Lift and Pitching Moment Constraints

The target pressures that have been calculated must now be
modi� ed to meet the desired lift and pitching moment con-
straints. This is indicated in the � fth module on the � owchart
shown in Fig. 2.

While modifying the target pressures to meet the lift and
pitching moment constraints, it is also desired to preserve the
pressure gradient in the region where the N-factors are being
constrained so that laminar � ow is not disturbed. To accom-
plish this, the target pressure distribution is divided into three
distinct regions. The leading-edge region extends from the
leading edge of the airfoil to the last station where the N-
factors are zero. The center region extends from the last station

where the N-factors are zero to the fourth control point. Fi-
nally, the recovery region, which is used to meet the pitching
moment constraint, extends from the fourth control point to
the trailing edge.

Figure 4 shows a detailed � owchart of how the target pres-
sures are modi� ed to meet the lift and pitching moment con-
straints. If the lift constraint is not satis� ed, then the pressures
in the center region are shifted by an amount that is propor-
tional to the difference between the desired and current lift
coef� cients. To keep the target pressure distribution smooth,
the pressures in the leading-edge region are scaled to meet the
new pressures in the center region. The pressures in the re-
covery region are calculated as discussed in the previous sec-
tion. This process is repeated until the desired lift coef� cient
is achieved.

To meet the pitching moment constraint, the pressures in the
recovery region are modi� ed by adding a triangular lift incre-
ment that is proportional to the difference between the desired
pitching moment coef� cient and the current pitching moment
coef� cient. As a result, the target pressures must be modi� ed
to once again satisfy the lift constraint. As shown in Fig. 4,
this process is repeated until both the lift and pitching moment
constraints are achieved.

Two Surface Designs
The current method can be used to design airfoils with lam-

inar � ow on one or both surfaces. It is also possible to design
the airfoil for various geometric constraints, which include
maximum thickness, spar thickness, leading-edge radius, and
trailing-edge angle constraints. In these cases, the airfoil ge-
ometry is continually scaled by the CDISC airfoil design
method so that the airfoil meets the desired geometric con-
straints. However, when natural laminar � ow is desired on both
surfaces, it becomes more dif� cult to maintain some of the
geometric constraints while trying to obtain laminar � ow on
both surfaces. As a result, a tradeoff between geometric con-
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Fig. 5 Comparison of the N-factors on the upper surface of the
NACA 641-212 and the new airfoil.

Fig. 6 Comparison of the N-factors on the lower surface of the
NACA 641-212 and the new airfoil.

Fig. 7 Comparison of the pressures of the NLF(1)-0414F and the
new airfoil at M = 0.40, Re = 1 3 107, and c1 = 0.40.

straints and the amount of natural laminar � ow is often nec-
essary.

Results
The NLF airfoil design method that has been described in

the previous sections will now be used to design several air-
foils for a variety of � ow conditions and constraints. While
the initial airfoil used in the � rst two examples already has a
signi� cant amount of laminar � ow on both surfaces, the initial
airfoil used in the third example does not.

Airfoil for a General Aviation Application

The � rst airfoil that is presented was designed for the same
� ow conditions and constraints for which the NLF(1)-0414F
airfoil10 was developed. The aerodynamic design goals for the
NLF(1)-0414F airfoil included 70% chord NLF on both sur-
faces at a Mach number of 0.40, a Reynolds number of 1 3
107, and a lift coef� cient of 0.40. In addition, the airfoil was
to be 14% thick and have a trailing-edge cruise � ap with the
pressures in the recovery region being speci� ed to avoid tur-
bulent separation.

The NLF(1)-0414F was developed using the New York Uni-
versity code11– 13 to calculate the pressures of each intermediate
airfoil and the SALLY code14 to perform the stability analysis.
Modi� cations were then made iteratively by hand to the airfoil
geometry to give the airfoil the desired characteristics. These
characteristics were then experimentally veri� ed in a wind tun-
nel.

Starting with the NACA 641-212 airfoil, a new airfoil was
designed by the present NLF airfoil design method that would
meet constraints similar to those of the NLF(1)-0414F. The
pressures in the recovery region of the new airfoil were de-
signed to prevent the turbulent boundary layer from separating
in the event that the � ow transitioned at 5% chord. This was
done by preventing the Stratford separation criteria15 from be-
ing violated. In addition, to prevent a negative thickness at the
trailing edge, the trailing-edge angle was constrained to be
greater than 5.7 deg, which is 1% thickness growth in 10%
chord from the trailing edge.

Figures 5 and 6 show the upper and lower surface N-factor
distributions, respectively, of the NACA 641-212 airfoil. In
these � gures, a transition N-factor of 9 was chosen, which
corresponds to wind-tunnel correlations with transition. These
plots indicate that the � ow on the upper and lower surfaces of
the NACA 641-212 would transition at about 35 and 50%
chord, respectively. In addition, the laminar boundary-layer
solver calculated boundary-layer characteristics only to about
50% chord on both surfaces, where laminar separation was
then detected. As a result, it was necessary to arti� cially extend
the analysis N-factors to 70% chord, as discussed earlier.

Using the method described previously, a new airfoil was
designed to meet the � nal target N-factor distributions shown
in Figs. 5 and 6. These target N-factor distributions were de-
termined from the control points shown in the � gures, which
constrain transition to occur near 70% chord. The upper and
lower surface N-factor distributions of the new airfoil that was
designed are also shown in Figs. 5 and 6. From Figs. 5 and 6,
one can see that the amount of laminar � ow has been increased
to 70% chord over both surfaces of the airfoil.

Figure 7 shows a comparison of the pressure distributions
of the two airfoils. In general, these pressure distributions ap-
pear to be very similar. There is a difference, however, in the
leading-edge pressures of the two airfoils. This difference is a
result of the fact that the leading-edge radii of the two airfoils
are slightly different. The pressures in the midchord region
compare very well, although the pressure gradient on the upper
surface of the NLF(1)-0414F is more favorable.

All of the constraints imposed in the design of the new air-
foil were met. In addition, the design of the new airfoil using
the present method took about 14 h of CPU time on a Silicon
Graphics Indigo2 workstation with an R4000 processor. Ap-

proximately 60% of this time was spent in the stability analysis
code, 22% was spent in the � ow solver, and less than 1% was
spent running the laminar boundary-layer solver and the
CDISC airfoil design method. The remaining 16% was used
mainly for input and output. For comparison, the development
of the NLF(1)-0414F airfoil took approximately one year to
complete.

Airfoil for a Glider Application

Starting from the NACA 641-212, an airfoil for a glider ap-
plication was designed for 65% chord NLF on both surfaces.
The airfoil was designed at a Mach number of 0.10, a Reyn-
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Fig. 10 Comparison of the pressures of the NACA 641-212 and
the new airfoil at M = 0.10, Re = 3 3 106, and c1 = 0.30.

Fig. 11 Comparison of the N-factors on the upper surface of the
NACA 1412 and the new airfoil.

Fig. 9 Comparison of the N-factors on the lower surface of the
NACA 641-212 and the new airfoil.

Fig. 8 Comparison of the N-factors on the upper surface of the
NACA 641-212 and the new airfoil.

olds number of 3 3 106, a lift coef� cient of 0.30, and a pitch-
ing moment coef� cient of 20.06. In addition, the airfoil was
constrained to be 15% thick with a leading-edge radius of
1.4% chord.

In Figs. 8 and 9, the upper and lower surface N-factor dis-
tributions of the NACA 641-212 are shown. An N-factor of
13.5 is used in these � gures to predict the location where the
� ow undergoes transition. Because the N-factor distributions
of the NACA 641-212 are below this transition threshold, this
indicates that the boundary-layer solver predicted laminar
boundary-layer separation at approximately 50% chord on both
surfaces of the airfoil. As a result, the analysis N-factors of
this airfoil were arti� cially extended as described earlier so
that the target pressure/N-factor relationship could be used to
calculate a target pressure distribution.

The � nal target N-factor distributions that have been used
in the design of the new airfoil are also shown in Figs. 8 and
9. These target N-factor distributions were established to in-
crease the extent of laminar � ow over both surfaces. The N-
factor distributions of the new airfoil, which are also in Figs.
8 and 9, match the target N-factor distributions very well.

Figure 10 shows a comparison between the pressures of the
NACA 641-212 and the new airfoil. The pressure distributions
of the two airfoils are quite different. The pressure gradient of
the new airfoil is more favorable ahead of 30% chord on the
upper surface than that of the NACA 641-212. In addition, the
pressure gradient of the new airfoil is less adverse after 30%
chord, which helped maintain laminar � ow to 65% chord.

All of the aerodynamic and geometric design constraints
have been met in the design of the new airfoil. As a result, the

drag coef� cient was reduced from 0.0042 for the NACA 641-
212 to 0.0024 for the new airfoil.

Airfoil for a Commuter Aircraft

As the � nal example, the NACA 1412 airfoil was redesigned
to increase the amount of NLF on both surfaces. At a Mach
number of 0.60 and a Reynolds number of 2 3 107, the aero-
dynamic design goals included 60% chord NLF on both sur-
faces at a lift coef� cient of 0.40 and a pitching moment co-
ef� cient of 20.08. In addition, the airfoil was constrained to
be 12% thick, with a leading-edge radius of 1% chord.

Figures 11 and 12 show the upper and lower surface N-
factor distributions of the original NACA 1412 airfoil. Using
a transition N-factor of 10, the � ow undergoes transition at 20
and 25% chord, respectively, on the upper and lower surfaces.
The upper and lower surface N-factor distributions, with the
target N-factor distributions, are also plotted in Figs. 11 and
12. The analysis N-factor distributions on both surfaces of the
new airfoil are very similar to the target N-factor distributions,
which increased laminar � ow to 60% chord on both surfaces.

The pressure distributions of the NACA 1412 and the new
airfoil are compared in Fig. 13. The adverse pressure gradients
seen on the NACA 1412 surface have been replaced with fa-
vorable pressure gradients in designing the new airfoil. This is
the mechanism by which NLF was achieved in this design.
The smaller leading-edge radius of the new airfoil was essen-
tial in obtaining the favorable pressure gradients on both sur-
faces.
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Fig. 12 Comparison of the N-factors on the lower surface of the
NACA 1412 and the new airfoil.

Fig. 13 Comparison of the NACA 1412 and the new airfoil at M
= 0.60, Re = 2 3 107, and c1 = 0.40.

In designing this new airfoil, the drag coef� cient was re-
duced from 0.0056 for the NACA 1412 to 0.0028 for the new
NLF airfoil.

The current design process could not simultaneously meet
all of the design objectives for this airfoil design. In particular,
the upper and lower NLF constraints were not being achieved
while maintaining both the thickness and leading-edge radius
constraints. As a result, the leading-edge radius constraint was
eliminated, so that the desired extent of NLF could be achieved
on both surfaces. Maintaining the leading-edge radius con-
straint would have required the maximum thickness of the air-
foil to be larger than 12% chord. While maintaining the max-
imum thickness constraint, the leading-edge radius of the
redesigned airfoil was 0.78% chord. All of the other constraints
were then satis� ed in this design.

Several observations can be made about the design of this
new commuter airfoil. First, one does not need to start with
an airfoil that has a signi� cant amount of NLF, e.g., the NACA
641-212, to design a new airfoil using this method. In addition,
this example shows that it can be necessary to release certain
geometric constraints to meet the NLF constraints on both sur-
faces.

General Observations
As mentioned previously, the current method is fully auto-

mated and requires four input � les to be speci� ed prior to
designing a new airfoil. As it currently exists, a Fortran driver
program executes the design of a single surface of the airfoil.
For two-surface designs, a unix script � le is used to succes-
sively call the driver program to design each surface.

The success of the method, however, is dependent upon the
initial airfoil that is used and the constraints that are imple-
mented. The initial airfoil should have a smooth and continu-
ous pressure distribution. Starting from an airfoil that has a
large pressure peak in the leading-edge region is undesirable.
In this case, the laminar boundary-layer solver detects laminar
separation just aft of the peak and, as a result, the analysis N-
factors can’t be calculated over much of the surface. Moreover,
because of the pressures in the leading-edge region, the method
for arti� cially extending the N-factors may not work well
enough to produce a smooth analysis N-factor curve. Even if
a smooth curve were obtained, the pressures in the peak region
of the initial airfoil would in� uence the new target pressures
and the target pressures may be unreasonable for designing a
new airfoil.

In addition, if the constraints are not feasible for laminar
� ow airfoils, then the method will release one or more of the
constraints. For example, requiring an 8% thick airfoil to have
a leading-edge radius of 3% chord, as well as laminar � ow on
both surfaces of the airfoil would result in either the thickness
or the leading-edge radius constraint being released. Another
option is to release the requirement that the lower surface have
laminar � ow. User experience is needed to know which way
is best for speci� c problems.

The method is moderately robust, but things do occur that
may cause the program to terminate early. For example, the
stability analysis code may encounter problems for a given
frequency of the Tollmien– Schlichting waves. If this occurs,
then the user must change the range of the frequency search
within the input � le, and execute the program again. In this
case, the user may restart the design from the current airfoil.

Concluding Remarks
An automated two-dimensional method has been developed

for designing natural laminar � ow airfoils while maintaining
several other aerodynamic and geometric constraints. The
method has been shown to work for a range of Mach numbers,
Reynolds numbers, and airfoil thicknesses.

Several existing CFD codes were coupled together modu-
larly to develop this method, which can design natural laminar
� ow airfoils relatively quickly. To accomplish this, a pres-
sure/N-factor relationship was developed to modify target
pressures to meet a speci� ed N-factor distribution so that an
airfoil could be designed to meet a laminar � ow constraint, in
addition to meeting other aerodynamic and geometric con-
straints. This method has been used to successfully design a
number of airfoils, with results shown for glider, general avi-
ation, and commuter applications.
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